THE EMBEDDING DIMENSION OF WEIGHTED 
HOMOGENEOUS SURFACE SINGULARITIES 



ANDRAS NEMETHI AND TOMOHIRO OKUMA 

Abstract. We analyze the embedding dimension of a normal weighted ho- 
mogeneous surface singularity, and more generally, the Poincare series of the 
minimal set of generators of the graded algebra of regular functions, provided 
that the link of the germs is a rational homology sphere. In the case of several 
sub- families we provide explicit formulas in terms of the Seifert invariants (gen- 
eralizing results of Wagreich and VanDyke) , and we also provide key examples 
showing that, in general, these invariants are not topological. We extend the 
discussion to the case of splice-quotient singularities with star-shaped graph 
as well. 



1. Introduction 

Let {X, o) be a normal weighted homogeneous surface singularity defined over 
the complex number field C. Then {X,o) is the germ at the origin of an affine 
variety X with a good C*-action. Our goal is to determine the minimal set of 
generators of the graded algebra Gx = X];>o(^^)' regular functions on X. This 
numerically is codified in the Poincare series 

l>0 

where mx is the homogeneous maximal ideal of Gx, and dim{mx /^x)i exactly 
the number of generators of degree I (in a minimal set of generators). Notice that 
e.d.{X,o) :— P^^ ^^2^{1) is the embedding dimension of {X,o). 

We will assume that the link of {X, o) is a rational homology sphere. This 
means that the graph of the minimal good resolution (or, equivalently, the minimal 
plumbing graph of the link) is star-shaped, and all the irreducible exceptional 
divisors are rational. In particular, the link is a 3-dimensional Seifert manifold (of 
genus zero). Usually, it is characterized by its Seifert invariants {bo, {ai,uji)^^^). 
Here —bo is the self-intersection number of the central curve, ly is the number of 
legs. 

In fact, our effort to understand Prnx/m^, part of a rather intense activity which 
targets the topological characterization of several analytic invariants of weighted 
homogeneous (or more generally, the splice-quotient) singularities. For example, 
if the link is a rational homology sphere, then the following invariants can be re- 
covered from the link (i.e from the Seifert invariants): the Poincare series of Gx 
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and the geometric genus by [19], the equisingularity type of the universal abehan 
cover [15], the multiphcity of (X, o) [13]. In fact, by [13], the Poincare series of 
the multi-variable filtration of Gx associated with the valuations of the irreducible 
components of the minimal good resolution is also determined topologically (prov- 
ing the so-called Campillo Dolgado-Gusein-Zade identity). This basically says that 
a numerical invariant is topological, provided that it can be expressed as dimension 
of a vector space identified by divisors supported on the exceptional set. 

On the other hand, it was known (at least by specialists) that Pmx/m^ > i'^ general, 
is not topological; in particular it has no divisorial description (a fact, which makes 
its computation even more subtle). 

Our goal goes beyond finding or analyzing examples showing the non-topological 
behaviour of some Poincare series (or embedding dimensions) based on deformation 
of some equations. Our aim is to develop a strategy based on which we are able to 
decide if for the analytic structures supported on a given fixed topological type the 
coefficients of -Prnx/m^ might jump or not. 

The main message of the article is that using only topological/combinatorial ar- 
guments, one can always decide whether is constant or not on a given fixed 
topological type. Moreover, we try to find the boundaries of those cases/families 
when Pm.x/m\ topological, respectively is not. 

In order to do this, first we search for families when Pm.x/m\{i) is topological 
and we try to push the positive results as close to the 'boundaries' as possible. The 
(topological) restrictions we found (and which guarantee the topological nature of 
Pmx/m%{^)) s-re grouped in several classes. 

Theorem. In the following cases -Pmx/m^(^) topological: 

(A) The order o of the generic S^-fibre in the link is 'small', e.g. o = 1 (see 
Theorem 5.1.3), or o < minjja/dj} (see Proposition 5.2.2). 

(B) The number of legs is v <'o (cf. Theorem 6.1.3). 

(C) bo — u is positive, or negative with small absolute value. This includes 
the minimal rational case (bg > v) generalizing results of Wagreich and VanDyke 
[24, 25, 26], see Theorem 7.2.9; and the situation when Gx is the graded ring of 
automorphic forms relative to a Fuchsian group of first kind (completing the list of 
Wagreich [26]), cf Theorem 7.3.1. 

In cases (A) and, (C) we provide explicit formulae. We also extend (by semicon- 
tinuity argument) the 'classical' results of Artin, Laufer and the first author that 
for rational, or Gorenstein elliptic singularities, not only mx/m^ (which has a 
divisorial description via the fundamental cycle) but P^^/^2^{t) too is topological. 

On the other hand, we provide key examples (sitting at the 'boundary' of the 
above positive results) when P^^/^2_(t) depends on the analytic parameters, even 
computing the 'discriminants' when the embedding dimension jumps. In the last 
section we extend the discussion to the case of splice-quotients (associated with 
star-shaped graphs) as well. 
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2. Preliminaries 

In this section we introduce our notations and review Neumann's theorem on 
the universal abelian covers of weighted homogeneous surface singularities with 
Q- homology sphere links. 

Let {X, o) be a normal surface singiilarity with a Q- homology sphere link E. Let 
tt: X X he the minimal good resolution with the exceptional divisor E. Then E 
is a tree of rational curves. Let {Ey}y^y denote the set of irreducible components 
of E and — 6„ the self-intersection number E^. The set V is regarded as the set of 
vertices of the dual graph T o{ E (i.e., the resolution graph associated with tt). Let 
L denote the group of divisors supported on E, namely L = X^^^gv ^-^f • We call an 
element of L (resp. L (g) Q) a cycle (resp. Q-cycle). Since the intersection matrix 
I{E) := {Ey ■ E^) is negative definite, for each u G V there exists an effective 
Q-cycle E'* such that E* ■ Ey, = —dyw for every w e V, where dyw denotes the 
Kronecker delta. Set L* = J^yev^^v- Note that the finite group H := L*/L is 
naturally isomorphic to /fi(E,Z). 



2.1. The Seifert invariants. Suppose that F is a star-shaped graph with central 
vertex € V and it has > 3 legs. It is well-known that F is determined by the 
so-called Seifert invariants {(ai, and the orbifold Euler number e defined as 

follows. If the i-th leg has the form 



—bo —bil —bin 

(where the far left-vertex corresponds to the 'central curve' Eq) then the positive 
integers a, and oJi are defined by the (negative) continued fraction expansion : 

ai 1 

— = cf . . . bil , gcd(ai,Wi) = 1, < Wj < ttj. 

UJi i 

bi2 — 

bivi 

Moreover, we define e := — 6o -|- Ylii'^i/'^i- Note that e < if and only if the 
intersection matrix I{E) is negative definite. By [11, (11.1)] 

E*-E* =6-1; 
^ i?o* • = (ea,)-i for_l <i<v- 

.E* =[ (^"'"j) ^ if « 7^ J, 1 < J < i^; 

iri jrj ^ (ea|)-i - uj'Jai if i = j, 1 < i, j < u, 

where <u)l < and cOiOj'^ = 1 modulo a^. 

If {X, o) is a weighted homogeneous surface singularity (i.e. a surface singularity 
with a good C*-action) , then F is automatically star-shaped and the complex struc- 
ture is completely recovered from the Seifert invariants and the configuration of the 
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points {Pi := EoriEii}^^^ C Eq. In fact, cf. [19], the graded affine coordinate ring 
Gx = 0;>o(Gx); is given by 

(2.1.2) {Gx)i = H°iEo,OE,{D^'^)), with = ^(-^oIbo) " E TWa^l ^'i, 

i 

where for r € M, [r] denotes the smallest integer greater than or equal to r. 

In the sequel we write a := lcm{Q;i, . . . , a^} and the following notation (with 
abbreviation 1 = (1, . . . , 1) e Z") for the Seifert invariants: 

Sf := (6o,a,a;), a := (ai, . . . , a,.), u:={uJi,...,LJt,). 

2.2. Neumann's theorem and some consequences. Assume that {X,o) is a 

weight(xl homogeneous surface singularity and > 3. Then there exists a universal 
abelian cover {X'^^,o) — > {X,o) of normal surface singularities that induces an 
unramified Galois covering X"-^ \ {o} X \ {o} with Galois group i?i(5], Z); if E' 
denotes the link of X°-'', then the natural covering S' ^ E is the universal abelian 
cover in the topological sense. 

Theorem 2.2.1. [15] The universal abelian cover X"-'' is a Brieskorn complete 
intersection singularity 

{{zi) e C I fj := ajiz^' +■■■ aj.z'^" =0, j = 1, . . . , - 2 }, 

where every maximal minor of the matrix (aji) does not vanish (i.e. {aji) has 'full 
rank'). 

In fact, by row operations, the matrix (Ojj) can be transformed into 
/ Pi qi 1 • • • 0\ 



(2.2.2) 



P2 92 1 • • • 



q.-2 ••• 1/ 

such that all the entries pi and Qi are nonzero, and piQj — pjQi ^ for any i ^ j: 
moreover, [pj : qi] arc the projective coordinates of the points {P3, . . . ,Py} C P^, 
while the remaining two points are Pi = [1 : 0] and P2 = [0 : 1]. 

We define the weights wt(2;i) = (jejai)"^ € Q. This induces a grading of the 
polynomial ring R = C[zi, . . . ,z^]hy z- := ^ • • • z'^" G Rk if and only if J2 ^i^tn ' 
Eq = —k. Since all the splice polynomials fj are weighted homogeneous of degree 
lej"""^, there is a naturally induced grading on the affine coordinate ring of X"^ too. 

The group H = L*/L is generated by the classes of {E*^.}^^-^ and acts on the 
polynomial ring R (and/or on C) as follows. The class [-Bj>.] acts by the u x v 
diagonal matrix [e,i, • • • , ei„], where eij = exp(27r\/^£jy, • EJ^.), i = 1, . . . ,1/, cL 
[16, §5]. By this action X = X°-^/H; the invariant subring of R is denoted by R^ . 

Let H = Hom(i?, C*). For any character \ E H, the A-eigenspace R'^ is 

{f e R\h- f = \{h)f for all heH}. 

A computation shows that for the character /j, G H defined by iJ,{[E*^,]) = 
exp(27^^/^iJQ • K*,.) one has {/i, . . . , fu-2} C R^. We have the following facts: 

Lemma 2.2.3. Let Ix C R^ be the ideal generated by R^ ^ ■ {/i, . . . , fv-2}- Then 
the affine coordinate ring Gx of X is isomorphic to R^ /Ix- 
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Set :— \e\a, which is the order of [Eq] in L*/L (cf. [15]). Then o = 1 if and 
only if the splice functions fj are in (i.e. fi is the trivial character). 

3. Properties of the graded ring Gx 

3.1. The Hilbert/Poincare series of Gx- For any graded vector space V = 
®/>o^ we define (as usual) its Poincare series Pv{t) := J2i>o dim V; f'. Since Eq = 
P^, Pinkham's result (2.1.2) reads as 

(3.1.1) PgxW = ^max(0,s, + l)t', 

l>0 

where (for any ? > 0) we set 

(3.1.2) si := degfC) = Z6o - ^ Rwi/ai] G Z. 

i 

Although contains considerably less information than the graded ring Gx 
itself, still it determines rather strong numerical analytic invariants. (E.g., it de- 
termines the geometric genus Pg oi X, or the log discrepancy of Eq as well, facts 
which are less obvious and which will be clear from the next discussion.) 
Definitely, the series 

P{t) ■.= ^x{OEo{D^'^))t' =Y.isi + l)t^ 

l>0 l>0 

is more 'regular' (e.g., it is polynomial periodic), and it determines both Pgx s-nd. 

PH^it) :=^dimiri(i;o,OBoP^'^))i' =13max(0,-s,-l)t'. 
i>o ;>o 

By definition, P = Pqx — Pm ■ Since e < 0, lim;_).oo s; = oo, and Pjji (t) is a 
polynomial (and by [19], Pg = Pffi(l)). In fact, 

-{a - l)|e| - 2/ < s; - \l/a\ a\e\ < -1. 

Indeed, if one writes I as \l/a~\ a — d, and = dbo — ^ \_duji/ai\, then ,s; = 
\1/q:~\ a\e\ — s^, while > 1 by [11, 11.5] and < {a— l)|e| + by a computation. 

Remark 3.1.3. From Pcxit) one can recover P{t), hence Pf/i(f) too. Indeed, 
one can show (see e.g. [22, Corollary 1.5]) that P{t) can be written as a rational 

function p{t)/q{t) with p,q C[t] and degp < degg. Then, if one writes (in a 
unique way) Pcxit) as p{t)/q{t) + r{t) with p, q, r € C[t] and degp < degq, then 
p/q = P and r = Pjji . 

The next subsection provides a (topological) upper bound for the degree of the 
polynomial Pff i . 

3.2. The degree of Pf/i. Let us recall Pinkham's construction of the graded ring 
Gx (see §3 and §5 of [19]). There exists a finite Galois cover p: E' — > Eq with Galois 
group G such that p\e'\p-^{{Pi,...,p^}) is unramified and the ramification index of any 
point of p~^{Pi) is ttj. Let D denote the (rational) Pinkham-Demazure divisor on 
Eo, i.e., D = -Eo\Eo-J2i f-Pi- Clearly degD = -e and D(') = [/DJ, the integral 
part of ID, for every nonnegative integer I. Then D' := p* D is an integral divisor 
and invariant under the action of G. Thus G acts on the spaces {E' ,Oe'{ID')) 
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with j — 0, 1. The invariant subspace is denoted by [E' ,Oe>{ID'))'^ . Pinkham 
[19, §5] proved the following: 

(3.2.1) W{Eo,OE,{D^''^)) = H^{E',OE'{lD')f, i = 0,l. 

Since X is Q-Gorenstcin, it follows from the argument of [3, §1] that there exists a 
rational number 7 such that the canonical divisor Ke' on E' is Q-linearly equivalent 
to 7-D', and that 7 is an integer if X is Gorenstein. By the Hurwitz formula, we 
have 

Ke' = p*Ke, +J2 E - 1)^- 

^=1 Qep-i(P.) 

Since 4f=P~^{Pi) = |G|/a, for every i, we obtain 



7 = AegKE'/AegD' = ^ ( - 2 - V 



|e| \ ^ ai 



Proposition 3.2.2. For Z > 7, we have ^^(©^^(DC))) = 0, i.e. si > -1. Hence 
degPffi(i) < max(0,7). 

The following proposition shows that the bound in (3.2.2) is sharp: 

Proposition 3.2.3. Assume that {X,o) is Gorenstein, but not of type A-D-E (i.e. 
it is not rational). Then the degree of PH^{t) is exactly "f. Moreover, the coefficient 
oft^ is 1. In particular, if {X,o) is minimally elliptic, then PH^{t) = f . 

Proof of (3.2.2) and (3.2.3). If Z > 7, then H^{Oe'{ID')) = since Aeg{KE' - 
ID') < 0. Thus (3.2.2) follows from (3.2.1). Assume that (X,o) is Gorenstein, but 
not rational. Then 7 is a nonnegative integer (cf. [19, 5.8]) and 

H\Oe,{D^^^)) = H\OE'{KE')f ^ C. 
Hence (3.2.3) follows too. □ 

Remark 3.2.4. (1) s„ = a(6o — = = is a positive integer. 

(2) For any I > 0, s;+q, = Si + Sa = Si + > Si. 

Corollary 3.2.5. Assume Z > a + 7. Then si > 0, hence {Gx)i is non-trivial. 

Remark 3.2.6. (Different interpretations of 7) 

(a) Recall that any Cohen-Macaulay (positively) graded C-algebra S admits the 
so-called a-invariant a{S) G Z, for details see the article of Goto and Watanabe [4, 
(3.1.4)], or [2, (3.6.13)]. Let Gx^b denote the afRnc coordinate ring of X'^''. Since 
X"-^ is a complete intersection, cf. (2.2.1), its a-invariant a{Gx<^i>) is determined by 
[2, (3.6.14-15)]. This, in terms of Seifert invariants, reads as follows (see also [18, 
§3]): 



a{Gx'">) = (!/ - 2)a - ^ — = 07, 
i=i 



where = \e\a is the order of [£^o]- 

(b) Let —Zk be the canonical cycle associated with the canonical line bundle of 
X, i.e. Zk G L* satisfies the adjunction relations Zk ■ Ey = E^ + 2 for all v E V. 
Then (see e.g. [11, (11.1)]) the coefficient of Eq in Zk is exactly 1 + 7. Hence —7 
is the log discrepancy of Eq (sometimes 7 is called also 'the exponent of {X, o)'). 
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(c) The rational number 7 can also bo recovered already from the asymptotic 
behaviour of the coefficients of P{t) or Pcxit)- Indeed, by a result of Dolgachev, 
the Laurent expansions of both P{t) and Pgx (t) at t = 1 have the form (of. [15, 
(4.7)], or [14, Proposition 3.4] for one more term of the expansion): 



/I 1 + 7/2 , \ 



3.3. The homogeneous parts {Gx)i reinterpreted. Assume that {X, 6) is weighted 
homogeneous with graded ring ®i>o(Gx)i and graph F as above. 

Let M = {z-\ki e Z>o, i = 1, . . . ^u} <Z R = C[zi, . . . .z^,] be the set of all 
monomials. For any k= (fci, . . . , fc^), set dk ■= ki/a.i)/\e\ G Q, the degree of 
Z-. We define a homomorphism of semigroups Lp: (Z>o)'^ — ?• Q"^ by 

(^(fc) = (^1, . . . , l^)^ where k := {h + dkUii)/ai. 

Let M.^ denote the set of invariant monomials (with respect to the action of H). 

Lemma 3.3.1. z- € M.^ if and only if (p{k) e (Z>o)'^ and dk € Z>o. 

Proof. We first recall the description of H from [15, §1] (see also [14, §2.5]). Let hi 
denote the class [E*^.] (i = 1, . . . , i/) and ho the class [Eq] in H. Then 

(3.3.2) H = {ho, hi,...,h,\ h'o" Yl h;^^ = 1, ho^ht' = l{i=l,..., ly)). 

i=l 

Moreover, all the relations among {/ij} -Lg have the form 

Next, notice that z- € if and only if nr=i ^^i* ^ ^- ^^^^ happening, 

then there exist l,li,. . . ,1^ G Z such that Ibo — J2h = and —loJi + = ki for 
i= 1, . . . , I/. Then we have k = {ki + luji)/ai and 

^fci/a^ = - luji/ui) = Ibo -l^oji/tti = l\e\. 

Hence I = dk and (p{k_) = (k). The converse is now easy. □ 

Corollary 3.3.3. For any I > 0, the linear space {R^)i C of forms of degree 
I is spanned by {z- | J2i h/cti = ki+loJi = (mod a,), i = 1, . . . ,1/} . 

Definition 3.3.4. For each 1 < i < v and Z > define: 

• 8i := ai - iJi] 

• :=<^; ^ 

• Ml Ji^;^^''^'^"*^"', where for r € M, {r} denotes the fractional part of r. 
Note that Mi = Mi, if I = I' (mod a). 

Consider z- G {M")i and take {k) = ifik). Then Ui := k — Rwi/ai] is a 
non-negative integer which satisfy X^rij = s; and ki — riiUi = {lfii/ai}ai. Hence: 

Proposition 3.3.5. For any I > one has 

(kaH^ fM,-{nar IE"i = S(, n = (ni)€ (Z>o)^} if si>0, 
^' = \0 " ifsKO. 

Definition 3.3.6. Let A = C[ai, . . . , Oj/] be the polynomial ring graded by wt(aj) = 
1. For any /, define the map i/;; : {R")i A^, by V(/) = f/Mi. 
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Then Proposition (3.3.5) implies that ipi is an isomorphism of C-linear spaces. 
By this correspondence, the spUce polynomials fj ~ ^ ■ ajiz""^ (cf. 2.2.1) transform 
into the linear forms £j = ^iCijiai of A (j = l,...,iy). Hence, every element 
of tpi{Ix) has the form Ylijlj^h where qj are arbitrary (s; — l)-forms of A. In 
particular, if I denotes the ideal generated by the linear forms {ij}^Zi, then 

(3.3.7) {Gx)i = A.JiE.qjij) = {A/IU. 

Notice that via this representation we easily can recover Pinkham's formula (3.1.1). 

Indeed, if s; > 0, then using the linear forms {(j}, the variables a^, ■ ■■ ,av can be 
eliminated; hence dim(Gx)i = dimC[ai, a2]s, = s; + 1. 

4. The square of the maximal ideal 

4.1. The general picture. Let m C denote the homogeneous maximal ideal 
and mx the homogeneous maximal ideal of Gx = /Ix- The aim of this section 
is to compute the dimension Q{1) of the C-linear space 

{mx/m]c)i = (m/7x +m^);. 
These numbers can be inserted in the Poincare series of mx/nv^: 

This is a polynomial with P^^ ^^2^(1) = e.d.(X,o), the embedding dimension of 
{X,o). Indeed, if one considers a minimal set of homogeneous generators of the 
C-algebra Gx, then Q{1) is exactly the number of generators of degree I. 

Our method relies on the description developed in the subsection (3.3). 

First we describe the structure of in terms of the monomials of A^^. 

Definition 4.1.1. Let N* denote the set of positive integers. For ^ S N* we set 

Ai ■.^{{li,h)e{N*f \li + l2^l,si, >0,.s,, >0}. 

The monomial z- G {M^)i is called Hnear if either A; = 0, or z- ^ {M^)ii ■ {M^)i^ 
for any {h,h) € A;. 

The linear monomials form a set of minimal generators of m. 

Next, we transport this structure on the polynomial ring A. In order not to make 
confusions between the degrees of the monomials from R and A, we emphasize the 
corresponding degrees by writing deg^j and deg^ respectively. 

Definition 4.1.2. (a) For I = [h, h) e A; and 1 < i <v, set 

ei,i = {hPi/ai} + {hPi/tti} - {Wi/tti} e {0, 1}. 

(b) Xi will denote the set of (automatically reduced) monomials of A defined by 

Xi := {Mi.MiJMi I Huh) € A;} = I J]a,^-'^ U e A, |. 

(c) Let J{1) be the ideal generated by Xi in A {J{1) = (0) if X; = 0). 
From the definition of the ideals J{1) and the map ipi one has: 

Proposition 4.1.3. ipi{{m'^)i) = J{l)s,- In particular, Q{1) = dim{A/I + J{l))s,. 
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For the convenience of the reader, we list some properties of the monomials Mi 
and of the generators Xi which might be helpful in the concrete computations. 

Lemma 4.1.4. (1) deg Mi + Si/\e\ = I; 

(2) J2z^i,L = deg^ (Mi^Mi^/Mi) = si~si^~si^ < min{z/, s;} for anyl = {hjh); 

(3) for any m,n e Z>o, if {h^h) € ^■l, then {h +ma,l2 + na) G M+(m+n)a 
too, and ei,{h,i2) = ^i,{h+Tna,i2+na); hence Xi c 

(4) if si^ > then £{^(0,12) = for every i; hence 1 e X^+i^; 

(5) «/ Aj ^ and si = 0, then 1 e Xi (cf (2)); 

(6) ifl>2a + ^, then 1 e X; (cf. (3.2.5) and (5)). 

4.2. Is Q{1) topological ? Let us recall/comment the formula Q{1) = dim(A/7 + 
J{l))si from (4.1.3). Here, for any Z G N*, the ideal J{1) is combinatorial depending 
only on the Seifert invariants {{ai,u)i)}i of the legs. The integer si is also combi- 
natorial (for it, one also needs the integer bo). On the other hand, the ideal / is 
generated by the 'generic' linear forms {£j = ajiCii}j=i ! where the 'genericity' 
means that the matrix (aji) has full rank. 

By a superficial argument, one might conclude that Q{1) is topological, i.e. for 
all matrices (aji) of full rank, Q{1) is the same. But, this is not the case: In the 
space of full rank matrices, there are some sub- varieties along which the value of 
Q{1) might jump. 

Therefore, in the sequel our investigation bifurcates into two directions: 

1. Find equisingular families of weighted homogeneous surface singularities in which 
the embedding dimension is not constant (i.e. the embedding dimension cannot be 
determined from the Seifert invariants). Analyze the 'discriminant' (the 'jump- 
loci'), and write the corresponding equations, deformations. 

2. Find topologically identified families of weighted homogeneous singularities, 
which are characterized by special properties of the Seifert invariants, for which 
Prnx/m^it)) hence the embedding dimension too, is topological. Then, determine 
them from the Seifert invariants. 

The remaining part of the present article deals with these two directions, pro- 
viding key positive results and examples in both directions, and trying to find the 
boundary limit between the two categories. Let us provide as a warm up, some 
intuitive easy explanation for both directions how they might appear. 

Lemma 4.2.1. ('Easy cases' when Q{1) is topological) 

I. Ifsi>0 and Xi = IJ}, then Q{1) = si + l. If si = and Xi ^ 0, then Q{1) = 0. 

II. Assume that there exists an i G {1, . . . , i^} such that a, G Xi. Let (a,) be the 

ideal in A generated by Oj. Then 

(1) if.J{l) C (oi), then Q{1) = 1. 

(2) if J{1) (/_ {a-), then Q{1) = 0. 

In particular, Q{1) is topological. If si > 1 then Q{1) is the number of variables 
appearing in all the monomials of Xi whenever Xi 

Proof. The first assertion of (I) follows from Q{1) = dimC[ai, 02]^,, and the second 
from (4.1.4)(5). In (II) we may assume i = 1. In case (1), J{1) = (a\) and 
A/ 1 + J{1) ^ C[a2]. For (2), let S = min{deg^TO | to e X; \ (ai)}. Then A/ 1 + 
J{1) S C[a2]/{ai). Since 6 < si, cf. (4.1.4)(2), {A/I + J{1)),, =0. □ 
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Example 4.2.2. (How can Q{1) be non topological?) Assume that in some 
situation v = Xi = {0102,0304,0,50,6} and s; = 2 (cf. (8.1.1)). Consider the 
hnear forms ij = OjiOi, where the matrix (a^i) is from (2.2.2). Since ah ^j's are 
non-zero, we may assume qi = I for all i. The full rank condition is equivalent with 
the fact that all pi 's are non-zero and distinct. 

Then, by eliminating the variables 03, . . . , Oj^ using the linear forms, Q{1) = 
dim(C[ai, a2]/J')2, where J' is generated by 0102, {piai+a2){p2ai+ci2) and (^^301 + 
ct2)(p4cn + 02)- Therefore, 




if P1P2 - P3P4 ^ 0, 

1 if P1P2 - P3P4 = 0. 



Hence, along the 'non-topological discriminant' piP2 — P3P4 = 0, the embedding 
dimension increases. 

4.3. Via the next example we show how the general procedure presented above 
runs. In this example will be topological. 

We denote the monomial Yl by (fci, . . . , fc^). For example, af = (2, 0, . . . , 0). 

Example 4.3.1. The case Sf = (2, (2, 3, 4, 5), (1, 1, 1, 4)). 

Suppose that the numbering of Ei^s satisfy 

El 

E4 Er, Eq E-j Eg, E2, 

E3 

where Eg is the central curve and Ei is the end corresponding to {ai,cOi) for i = 
1,2,3,4. For Yl^=i^i^i' write {ai, . . . ,ag}. The fundamental invariants are 
listed below: 

(1) e = -7/60, a = 60, = 7, 7 = 43/7 = 6^. 

(2) \H\ = 14. 

(3) The fundamental cycle is Z = {3, 2, 2, 2, 3, 4, 5. 6}, PaiZ) = 1. 

(4) The canonical cycle is Zk = {f, f , f , f , f , f , f, f }• 

(5) The Hilbert series is 

PGx {t) = l + t'' + t^ + + ill ^ 2*12 ^ ^14 ^ 2^15 + 2*16 + ^ 2^18 + + 3*20 + 
2*21 ^ 2*22 ^ 2*23 + 3^24 ^ 2*25 + 3^26 ^ 3^27 ^ 3^28 ^ 2*29 + 4*^° + O (*^1) . 

(6) Ph^ (t) = t and Pg = 1. 

(7) The degrees of zi,Z2, z^, Z4 are ^(30, 20, 15, 12). 

Lemma 4.3.2. 

(1) For a — I >0, Sa-i > Sa — si — v. 

(2) SI > 6 fori > 62, sei = 5, seo = 7. 

(3) si>0 forl> 14. 

(4) Xi+u 9 1 forl>a = 60. 

Proof. (1) is elementary. For (2) write si+a = S( + Sa = s; + 7. Since PH^{t) = *, 
s\ = —2 and si > —1 for I > 2. For (3), consider the formula for the Hilbert series 
(sec above). Hence si < 3 for I < 29. By (1), sgo-; > 7 — s; — 4 > 0. On the other 
hand, from the same formula of Pgx > one has s; > for 14 < ? < 30. Now, (4) 
follows from (4. 1.4) (4). □ 
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The following is the list of {I, si,Xi) with si >0,Xi^ 1, and I < 74 (cf. (4.3.2)), 
where a = (1, 0, 0, 0), b = (0, 1, 0, 0), c = (0, 0, 1, 0), d = (0, 0, 0, 1): 

6 

8 

10 

11 

12 1 {c} 

15 1 

16 1 {d,c} 

20 2 {d,c + d,b + c} 

30 3 {d,b,b + d,a,a + b + d} 

36 4 {d,c,c + d,b,b + d,b + c,b + c + d, 

a + c,a + b + c,a + b + c + d} 
60 7 {d,c,c + d,b,b + d,b + c,b + c + d, 

a + c,a + c + d,a + b + c,a + b + c + d} 

Using Lemma (4.2.1) we verify 

Q(12) = l, Q(15)=2, Q(i) =0 for i = 16,20,30,36,60. 

Therefore, the Hilbert series is 

One can check that in this case the difference P-m/m^ (t)~Pmx /m\ is not concentrated 
only in one degree (compare with the results of the next section). In order to see 
this, notice that the action of the group H on the variables {zi,. . . , Z4) is given by 
the following diagonal matrices [C"'^^? C^j C'^; C*]? where C denotes a primitive 14-th 
root of unity. The invariant subring of C[2;i, . . . , Z4] is generated by the following 
21 monomials (we used [5]): 

Z^Zi Z2zl Z^zl Z1Z2Z3Z4 Z1Z3 Z^zl 

99 A ^ ^947 

2:^222:4 21^2^3 ZIZ2 Z2Z4 Z1Z3 Zfz| Z4 

^94 7 R S14 14 

ZiZsZ^ zfZ2Z^ Z^ zfZi Z2Zl Z^^ z{^ 

5. Restrictions regarding = leja 

In this section we treat our first families when the Poincare polynomial (in par- 
ticular e.d.{X,6) too) is topological. 

5.1. The case = 1. Assume that = 1, i.e. € L. In this case the splice 
functions belong to i?^, cf. (2.2.3), and their degree is exactly a. We will proceed 
in several steps. First, we consider the exact sequence 

ix n m m 

This is compatible with the weight-decomposition. Denote by Pi^{t) = S;>i*!*' 
the Poincare polynomial oi Ix '■= Ix/{Ix fl m^). Then 

^mx/m^W = nx/m=(t)-^7xW- 

Clearly, -Pm/m2(i) is topological, its l-ih coefficient is dim(A/J(/))s, , i.e. it is the 
Poincare polynomial of the linear monomials of m. (In particular, P^/^2(l) is the 
embedding dimension of the quotient singularity /H.) 
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The degree / = a. (of the sphce equations) is of special interest. We claim that 
the set of invariant monomials of degree a is {^"S • • • > z'^"}. Indeed, by (3.3.5), for 
I = a one has M; = 1 and s; = o = 1; hence the invariant monomials of degree a 
correspond to the monomials of Ax . 

In the next Proposition, hi = [E*^.] G H as in (3.3). 

Proposition 5.1.2. 

(1) Set OLi — lcm({Q:i, . . . , a^} \ {ai}). Then oxAihi) = ai&i/a. 

(2) z"' is linear ord(ft.i) — ai <^ a — ai. 

Proof. From (3.3.2), H = {hi, ...,h^\ JJ- h'^' = 1, h'^' = 1 (1 < j < ^)). Since 
{aj,ujj) = 1, /i"^ generates {hj) = Z^^.. Hence H = flj Za^/il, • • • , 1). Hence (1) 
follows from the exact sequence 

1 ^ {hi) ^ n • • • ' 1) ^ n • • • > 1) ^ 1- 

For (2), let us first determine those integers ki for which zl^ is invariant. By (3.3.1), 
this is equivalent to the facts: oxA(hi)\ki and ^(l + ^w^) € Z. This implies (2). □ 

Now we are able to analyze Pj^ ■ 

Theorem 5.1.3. Assume that = 1. Then the following facts hold: 

(a) P„^/^2^(t) = Y^Q{iy is Pm/m^it) - iat", where i„ = dxmlx/Ix n m^. 

Hence it is determined completely by Pm/m^it) and Q{a). 

(h) Q{a) — max(0, 2— #Xa). In particular, -Pmx/m^(0 ^ topological invariant. 

Proof. Since {fj}xn C m^, the hnear space J^j'^fj generates Ix/Ix n m^. In 
particular, Pj-^{t) = iaf^. This shows (a). 

For (b) note that Sa = o = 1 and Ma = 1. Moreover, a is the smallest integer 
I with Ml = 1, hence 1 ^ Xa. Hence, by (4.1.4)(2) Xa C {oi, . . . , a,y}, and 
Xa corresponds bijectively to the non-linear monomials of type z"' (which are 
characterized in (5.1.2)). The dimension of the linear space generated by I and Xa 
is r := min(!/, u — 2 + #X„). Hence Q{a) = u — r. □ 

Example 5.1.4. Consider the case of the £"5 singularity. In this case H = "L^ = 
G C I = 1 }, and the universal abolian cover has equations zf + Z2 + = 
0. The coordinates {zi,Z2,Zz) have degrees (2,2,3), H acts on them by (^,^,1). 
The linear invariant monomials are zf, Z2t ziZ2 and 23. of degree 6,6,4,3. Hence 
Pm/m^ii) = t^ + t'^ -\- 2t^. fi kills a 1-dimensional space of degree a = 6, hence 
Pmx/m^ (t) = + + t^. This is compatible with the identity Xq — {03} (cf. 
(5.1.3))'' as well. 

Example 5.1.5. If Sf = (1, (14, 21, 5), (5, 5, 2)) then = 1 and /i e m^. Hence 

Pmx/m^ ~ Pm/m^- 

Example 5.1.6. Surprisingly, the degree of Pm/m^ (hence of Pn,x/m^ too) can be 
larger than a (i.e. there may exist linear monomials of of degree larger than 
the degree of the splice equations). 

Consider e.g. the graph with Seifert invariants 

bo = l, a = (3,4,5,6,21), a; = 1. 
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Then e = -1/420, a = 420, o = 1. The degrees of the variables of i? = C[zi, . . . , zs] 
are 140, 105, 84, 70, 20. The group H acts on R via diagonal matrices 

r,-i,i,c,ci, r,i,i,c',i], 

where C, denotes a primitive 6-th root of unity. There are 9 linear monomials in 
i?^, namely: 

3 23 364222 

•^5) 1 Z2Z^, Z1Z2Z4Z5, Zi, ^4, ZiZ^^Z^, Z-^Z^Zc^. 

Their degrees are: 60, 84, 210, 315, 335, 420, 420, 440, 460 respectively. The two 
terms of degree 420 are eliminated by the (three) splice equations. Hence 

p (+\ — +60 I J.84 I J.210 I J.315 , +335 , +440 +460 

Notice that in this case #^420 = 3, hence (5.1.3) gives (5(420) = as well. (For 
further properties of this singularity, see (9.2.2).) 

Remark 5.1.7. Notice that if H is trivial then e.d.{X,o) = u hy (2.2.1). Fur- 
thermore, if = 1 then in (5.1.6) wc characterize topologically the embedding 
dimension. Hence, apparently, the structure of the group H has subtle influence 
on the topological nature of e.d.{X,o). Nevertheless, at least for the authors, this 
connection is still rather hidden and mysterious. 

On the other hand, in order to show that the above two cases are not accidental 
and isolated, in the next subsection we will treat one more situation. 

5.2. The case 'small'. We will start with a graphs F with the property that 
for each i e {1, . . . , i^}, there exists an integer ki, I < h < ai, such that z^ ' G . 

Since z*^' G R^ if and only if h'l' = 1 in H , the above property is equivalent 
with ord(/ii) < ai for all i. Since H/{hi) = Oj^^i /(Ij • ■ • : l)j one gets that 
ord(/i,) = aiCtio/a. Therefore, ord(/ii) < reads as 

(5.2.1) o<a/oii for alH. 

Proposition 5.2.2. Assume now that satisfies (5.2.1), but > 1. Then 

(5.2.3) P^^/^.Jt)=Prn/m<t). 

This says that the splice equations have absolutely no effect in P^^^^2.(t). 

Proof. By (5.1.1), this is equivalent with the inclusion Ix C m^. Recall that Ix is 
generated by expressions of form fj ■ rn, where m € i?** . Since 7^ 1, /u is not 
the trivial character. Hence 1 ^ i?^ . Let us analyze a product of type z"*m. It 
can be rewritten as z^' ■ (z"'"'^* • m), where the element in the parenthesis is also 
invariant. Hence this expression is in m^, and (5.2.3) is proved. □ 

The above case can really appear. Indeed, consider e.g. the Seifert invariants 
Sf = (1,(3, 5, 11), (1,1, 5)) (see (4.3) for the notation). Then = \H\ = 2 and 
a/ai G {3,5,11}. (Clearly, if the a^'s are pairwisc relative prime, and = 2, or 
more generally, < mini(Q;i), then the above assumptions are still satisfied.) 

On the other hand, merely the identity = 2 is not enough, see e.g. (8.1.1). 
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6. More combinatorics. The case ly <5. 



6.1. A key combinatorial lemma. Recall that for each I > the ideal J(l) 
is generated by the square-free monomials of Xi. In the literature such an ideal 
is called Stanley-Reisner ideal, A/ J {I) is a Stanley-Reisner (graded) ring. Their 
literature is very large, see e.g. [9] and references therein. In particular, their 
Hilbert/Poincare series are determined combinatorially and other beautiful combi- 
natorial connections are provided. 

Still, in the literature we were not able to find how this ideal behaves with 
respect to intersection with a generic hyperplane section, or even more generally, 
with respect to a 2-codimensional generic linear section (as it is the case in our 
situation, cf. the ideal / in (3.3)). As this article shows, these questions outgrow the 
combinatorial commutative algebra, in general. Nevertheless, the goal of the present 
section is to establish combinatorial results about the dimension of some graded 
parts {A/J{1) + I))si, at least under some restriction; facts which will guarantee 
the topological nature of the embedding dimension and of Pmx/mj^- 

Wo keep all the previous notations; additionally, if 7^ we write ni := 
I 1 < Xi C (fti)}, the number of variables appearing in all the mono- 
mials of Xi, and m; for the number of variables not appearing at all in the set 
of monomials which form a minimal set of generators of J{1). It ni > then by 
reordering the variables we may assume that J{1) C (w), where u = Y[i=u-ni+i'^i- 
Then J{1) has the form {u)J'{l) for some ideal J'{1) (generated by monomials which 
do not contain the last ni variables) . 

Notice that by (4.1.4) the A-degree of any monomial of Xi is not larger than si, 
hence ni < si. 

Lemma 6.1.1. (i) 



In particular, Q{1) > ni. 

(a) If si >v — mi — 1, then Q{1) = ni. 

Proof. First we prove (ii) in several steps. 

(a) First step: If J C ^4 is an ideal generated by reduced monomials such that 
J (flj) for any i e {I, . . . and if fc > — 1, then [A/ J + 7)^, = 0. 

Consider a monomial a = 11^=1 ^ ^'^^ which we wish to prove that a € 
J + I. Set y = y{a) := #{i | fcj = 0}. If y = then a G J since J is generated 
by reduced monomials. It y = 1, say kj = 0, then by the assumption there exists 
a reduced monomial m € J with Oj \ m, and thus a G (to) C J. Suppose y = 2 
and fci = k2 = 0. Since X^^=3 fcj = fc > — 1, we may assume that > 2. Let 
a' = a/a:>,. Since a'ai, . . . , a' Oi, are related by i'—2 generic linear equations (induced 
by /), and a'ai, a' a^ S J by the argument above, we get that a' a\, . . . , a'a^ € J + 1 
as well. By induction on y, we obtain that a G J + 1 fov all a G Ak and y{a). 

(b) Next, start with the same assumptions (i.e., J is generated by reduced mono- 
mials, and there is no variable ai appearing in all these monomials), and write to 
for the number of variables not appearing at all in the set of monomials which form 
a minimal set of generators of J. Then we get (A/J + /)^=Oiffc>i^ — to — 1. 

Indeed, assume that a,^, . . . , a^-m+i are not appearing in the monomials (here 
we may assume that to < u — 2). Assume that in the equations Ij = "^iajiai 
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the matrix (aji) has the form (2.2.2); hence by the last m equations Ij one can 
ehminate the variables a^, - ■ ■ , a^-m+i- Doing this, we find ourself in the situation 
when we have u — m variables, the same J (satisfying the same assumption), hence 
the statement follows from part (a). 

(c) Now we prove the statement of the lemma for arbitrary ni. Let (p denote 
the natural isomorphism A/I ^ A' := C[ai,a2]. Let J/ C A' denote the ideal such 
that (p{J{l)) = f{u)J'i (or, take J[ := (f{J'{l))). Then we have the following exact 
sequence: 

(6.1.2) ^ (A7J/),,_„, ^ {A'Mu)J'i)^^ ^ {A'Mu)A')^^ ^ 0. 

[A' / J'l) corresponds to the situation covered by (b) (with u variables, degree 

si — ni and ni + m; of variables not appearing in the generators of J'{1)), hence 
it is zero. Therefore, Q{1) = dim{A' /(p{u)A')^^ = ni. This proves (ii). The exact 
sequence (6.1.2) proves part (i) as well, since A' / J[ w A/{J'{1) + /). □ 

The 'decomposition' (6.1.1)(i) can be exploited more: 

Theorem 6.1.3. Assume that v — ni < 5, then Q{1) is topological. Consequently, 
Pmx/m% topological provided that v < 5. 

Proof. By the proof of (6.1.1) we only have to verify that dim(^/ ( J'(/) +7))s,_„, is 
topological, liv — ni or 1, then J'{1) = (1). On the other hand, if G J'{1) for 
some 1 < i < I', then Q{1) is topological by Lemma (4.2.1). Hence we may assume 
that J'{1) contains no generator of A-degree one. 

Assume that J'(?) contains a monomial of degree 2, say aia2. Since -J'il) is not 
principal, there exists a monomial m G J'(/) such that (m) ^ (0102). Assume 
that m has minimal degree among such monomials. If ai | m, then 0102, a^**^"* G 
J[. Since the image of other monomials of J'{1) in J[ is of the form paj + 50,2' 
modulo (0102) with k > dcgm, Q{1) is topological. After this discussion (up to a 
permutation of variables) only the following two cases remain uncovered: 

m = 0304, or m = 030405 

For these case, we have 

0102, a? + ca2 € 0110^2, a? + ca2 € J; , c 7^ 0, 

respectively. Then clearly Q{1) is topological. 

Next, we may assume that J'{1) contains no monomial of degree < 2. Then, 
automatically — > 4. E v — ni = A, since non of the variables Oi, . . . , 04 divide 
all the monomials of J'{1), J'{1) should contain all the monomials of degree 3 in 
Oi, . . . , 04. Then Q{1) is again topological. 

Finally, assume that v — ni = 5. If the minimal degree of monomials of J'(/) is 
4, then by a similar argument as above, Q{1) is topological. Assume that 010203 € 
J'(/) and let c denote the number of monomials of degree 3 in the minimal set Q of 
generators of J'{1) which consists of monomials. 

It is not hard to verify (using again the definition of J'{1)) that J'{1) contains all 
the monomials of degree 4. Hence, the only unclarificd rank is 3, i.e., dim(A'/ J,')3. 

If c = 1, then clearly dim{A' / J[)3 is topological, and Q contains at least 3 
monomials of degree 4. If c = 2, then we have the following two possibilities: 

010203, 030405 e Q; 010203, 020304 e Q. 
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Then clearly dim{A' / J[)3 is topological, and G contains at least 1 (resp. 2) mono- 
mials of degree 4. The case c = 3 reduces to: 

aia2a3,aia2a4,a3a4a5 G Q. 

The image of 3 monomials in J; is: 

( al\ 
\ «i / 

where Oj = piOi + a2 {i = 3, 4, 5) and Oi denotes the elementary symmetric poly- 
nomial of degree i in ^3,^4,^5. We easily see that this matrix has rank 3, which is 
independent of the parameters, and hence dim(^'/Jj)3 is topological. 
Suppose c > 4. Then we have the following 6 cases: 

(1) 010203,010204,010205,030405 e C/, 

(2) 010203,010204,010304,020304 € Q, 

(3) 010203,010204,010304,020305 G Q, 

(4) 010203,010204,010305,020304 e 5, 

(5) 010203,010205,010304,020304 € 5, 

(6) 010203,010204,010305,020405 € tj. 

For (1), the corresponding matrix is the matrix on the left: 



(6.1.4) 



/O P3 1 0\ 

P4 1 

P5 1 

\C73 CT2 CTl ly 



/O P3 1 

P4 1 

(72 Cl 1 

y CT2 CTi 








Since this matrix has rank 3, dim(^'/Jj)3 is topological. For case (2), the matrix 
is the second one in (6.1.4). Here CTj denotes the elementary symmetric polynomial 
of degree i in pz,pA- Since this matrix has rank 4, dim(A'/J/)3 is topological. In 
(3)-(6), we have the same type matrices as in the case (2), and their ranks are 
4. □ 



Remark 6.1.5. In the statement (6.1.3), the case z/ = 3 is not surprising, since 
in this case the analytic structure has no moduli (the position of the three points 
P\,P2,Pi in has no moduli, cf. (2.1)). On the other hand, for the cases v = A 
and 5 we do not see any explanation other than the (case by case combinatorial) 
discussion of the above proof based on the geometry of low-dimensional forms. 

Remark 6.1.6. (Cf. (4.2.2).) The above proof really shows the limits of the 
topological nature of Q{1) from the point of view of the invariants involved in 
Theorem (6.1.3). E.g.. if J'{1) is one of the ideals from the following list, then Q{1) 
is not topological (below * indicates the empty set or sequence of monomials of 
higher degrees). 

(1) si = 2, J' {I) = (0102,0304,0506,*); 

si = 3, J'{1) = (010203,040506,070809,*); 

(2) si = 3, J'{1) = (0102,030405,060708,*). 
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7. In the 'neighborhood' of rational singularities 

7.1. The topological nature of Pm^/mj^ for rational and minimally elliptic 
germs. Recall that for rational and minimally elliptic singularities, by results of 
Artin and Laufer [1. 6]. the embedding dimension is topological (see also [10] for 
the Gorenstein elliptic case). Therefore, it is natural to expect the topological 
nature of Pxnx/m% for those weighted homogeneous singularities which belong to 
these families. The next result shows that this is indeed the case: 

Proposition 7.1.1. Assume that the star-shaped graph T is either rational or 
numerically Gorenstein elliptic. Then for any normal weighted homogeneous sin- 
gularity {X, o) with graph T, the polynomial is independent of the analytic 
structure, it depends only on T. 

Proof. First note that a weighted homogeneous singularity with Zk € L is Goren- 
stein (hence [10] applies). By the above description of the coefficients Q{1) of 
Pmx/m\j they are upper semi-continuous with respect to the parameter space (i.e. 
with respect to the full rank matrices {ciji)). Since P^^ ^^2^(1) = e.d.{X,o) is 
independent on the choice of the parameter, all these coefficients have the same 
property too. □ 

In the case of minimal rational and automorphic case we provide explicit formulae 
in terms of Seifert invariants. 

7.2. The minimal rational case. Recall that {X, o) is minimal rational if bo > v, 
i.e. if the fundamental cycle is reduced. 

Lemma 7.2.1. Assume that bo > i^. Then the following facts hold: 

(a) si >0 for any I, hence Xi^$ for any I > 0. 

(In particular, the integer mi is well-defined for any I > 0, cf. (6.1).) 

(b) si > v — mi for any I > 0. 

Proof, (a) follows from I > \l(jji/ai\ (f). For (b), notice that 

For any fixed i, I — 1 — \luji/ai\ > —1 by (f). Moreover, it is —1 if and only if 
I = \luoi/ai\ , or l[3i < ai. This implies Cj,; = for any Z, hence a, is not present in 

the monomials oi Xi. □ 

(7.2.1)(b) combined with the combinatorial lemma (6.1.1)(ii) provides: 
Corollary 7.2.2. IfT is minimal rational then Q{1) = ni for any I > 0. 

Let us reinterpret the integer n; in terms of Seifert invariants {(ai,Wi)}j. The 
next result connects the arithmetical properties of continued fractions with our 
construction (namely with the construction of the monomials from Xi). 

We consider a pair < /3 < a, with gcd(a,/3) = 1, and the continued fraction 
expansion a//3 = cf [ui, . . . ,Ux] (with all u, > 2, cf. (2.1)). For any 1 < A; < r, we 
consider rk/tk ■= cf [ui, . . . ,Uk], with gcd{rk,tk) = 1 and Vk > 0. 

Proposition 7.2.3. Fix {a, 13) as above and I > 2. Then I G {vi, . . . ,rx} if and 
only if 

:= {jp/a} + {(/ - j)p/a} - {Ip/a} = 1 
for alljG{l,...,l-l}. 
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Proof. First assume that I > a. Then = and Vk < a for all k, hence the 
equivalence follows, li I = a then / = rt and clearly ej = 1 for all j {cj = can 
happen only if a \ j(3 which is impossible) . Hence, in the sequel we assume I < a. 

The proof is based on lattice point count in planar domains. If is a closed 
integral polyhedron in the plane, we denote by LP{D°) the number of lattice points 
in its interior. We denote by Ap^q^h the closed triangle with vertices P, Q, R. 

Let A( be the closed triangle determined by y < [Sx/a, x < I and y > 0. Then 

[jl3/a\=LP{A°). 

i<j<i-i 

If we replace j by I — j and we add it to the previous identity, we get that 

J2 ej = {l-l)[W/a\-2LP{At). 

i<j<i-i 

Hence, = 1 for all j if and only if 2LP(A°) = (/ - l){lW/a\ - 1). Hence, we 
have to prove that 

(7.2.4) 2LP(An >(/-!)( LWaJ-1) 

with equality if and only if Z e {ri, . . . , r^}. 

Assume that I = Vk for some k. Recall that the convex closure of the points 
{{'rk,tk)}k together with (a, 0) contains all the lattice points of A^q (f), 
see e.g. [17, (1.6)]. Moreover, by Pick theorem, for any triangle A, 2LP{A°) = 2+2- 
Area{A) — number of lattice points on the boundary of A. Therefore, LP{A°^) = 
LP(A(o,o),(rfc,o),(rfc,t;,)); this by Pick theorem is (r/c - l){tk - 1). Since I = Vk and 
lW/a\ = tk by (t), (7.2.4) follows. 

Next, we show that in (7.2.4) one has strict inequality whenever rk < I < rk+i- 
Let A be the triangle with vertices {rk,tk), {rk+i,tk+i) and (the non-lattice 
point) {rk+i,rk+itk/rk) (with two vertices on the line y = tky/vk)- Notice that 
{rk+i,tk+i) is above the line y = tkx/rk, cf. also with (7.2.6). 

Lemma 7.2.5. A° contains no lattice points. All the lattice points on the boundary 

of A, except (rk+i,tk+i), are sitting on the line y = tkjj/rk. 

Proof. This basically follows from the following identity of continued fractions: 

(7.2.6) !l_!>±i = ^. 

tk tk+i tktk+i 

Indeed, considering the slope of the segment with ends (a;, y) and {rk,tk), the lattice 
points in A with y > tkx/vk and x < rk+i are characterized by rk < x < rk+i and 

tk ^ y — tk ^ tk+i — tk 
Tk x-rk ~ Tk+i - rk ' 
By a computation and using (7.2.6) this transforms into 

X — rk 

<yrk - xtk < , 

rk+i - rk 

which has no integral solution. Since tk+i — rk+itk/rk = 1/rk < 1/2, there is only 
one lattice point on the vertical edge of A, namely {rk+i,tk+i). □ 

Set P := {I, Itk/rk), the intersection point of {x = 1} with {y = tkx/rk}; and let 
Q (resp. R) be the intersection of {x = 1} with the segment [{rk,tk), {rk+i,tk+i)] 
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(resp. with y = fix /a). Let M be the number of lattice points on the open segment 
with ends {rk,tk) and P. Then, by (f) and (7.2.5), 

(7.2.7) LP(An = LP(A^o^o)_(,^o)_p) + M + 1. 

(The last '1' counts {rk,tk)-) Notice that R is not a lattice point {l^/a ^ Z), on 
the line x = / there is no lattice point strict between R and Q (by f), Q is not a 
lattice point and there is no lattice point in the interior of [PQ\ (by (7.2.5)). Hence 

(7.2.8) ltk/rk>[lli/cc\. 

Assume that in (7.2.8) one has equality, i.e., P is a lattice point. Then, by Pick 
theorem, 2LP(A^o p) = {I - l)([//3/aJ - 1) - 1 - M. This together with 
(7.2.7) provides the needed strict inequality. 

Finally, assume that P is not a lattice point. Let N be the number of lattice 
points on the interior of the segment with ends (0,0) and P' := {I, [//3/aJ). Then 
comparing the triangles A(o,o),(;,o),p and A(o^o),(i,o),P') and by Pick theorem we get 

2LP{A.°i)>{l-l){\lp/a\-l) + N + M + l. □ 

Now we are ready to formulate the main result of this subsection. For any 
(a, P) as above, consider the sequence {ri, . . . , r^} as in (7.2.3) and define (following 
Wagreich and VanDyke (cf. [25])) 

r 

fc=l 

The next theorem generalizes the result of VanDyke valid for singularities satis- 
fying ho>u+l, [24]. 

Theorem 7.2.9. Assume that T has Seifert invariants bo and {{ai,uji)}"^i with 
bo > y- Set (3i = at — oji. Then 

V 

i=l 

Proof. Clearly, Q{1) = si + 1 = 6o - + 1- For Z > 1, Q{1) is given by (7.2.2) and 
(7.2.3). □ 

7.3. The case of automorphic forms. Assume that G is a Fuchsian group (of 
the first kind) with signature (g ~ 0; s;ai, . . . ,au), where s > 0. Let A{G) be 
the graded ring of automorphic forms relative to G; for details see [26]. Then by 
[26, (5.4.2)], X = Spec{A{G)) is a normal weighted homogeneous singularity whose 
star-shaped graph has Seifert invariants bo = i' + s — 2, and {{ai,uii)}^^i with all 
uii = 1. The values s > 2, s = 1 resp. s = correspond exactly to the fact that X 
is minimal rational, non-minimal rational or minimally elliptic, cf. ([26, (5.5.1)]). 

Wagreich in [26, Theorem (3.3)] provides an incomplete list for Pmx/m^i^) ^'^^ 
all these singularities. By our method not only we can reprove his formulae, but 
we also complete his result clarifying all the possible cases. 

Notice that if ;3 = 1 then ,Ufi{t) /„4(t) = Y^"^^^ . 

Theorem 7.3.1. Assume that the Seifert invariants of the graph T satisfy = 1 
for all i and s = 6o — z^ + 2>0 and > 3. Then P^^/^2^ [t) has the next forms: 
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(I) The cases considered by Wagreich [26]; 



i=l 



where f{t) is given by the following list 



s > 2 fit) 

s = 1 fit) 

s = 0, i/>4, > 11 fit) 

s = 0, 1/ = 3, aj > 3 for all i, ai > 12 fit) 

s = 0, 1^ = 3, ai = 2, a2, > 4, J^i > 13 fit) 

s = 0, ^ = 3, ai = 2, a2 = 3, as > 9 f it) 



ibo-iy + l)t 
-t^ + iu- 2)t^ 
-3t^ + iv- 5)^3 
-3*2 - 2*3 - ^4 



-3*2 
-3*2 



2*3 
2*3 



*^ - *" 

*4 - *5 



(II). In all the remaining cases s = (and X is a hypersurface with 7 = Ij, and 



it) is: 



Sf = 


(1, 


(2,3,7),1) 


^6 + ^14^ ^21 


Sf = 


(1, 


(2,3,8),1) 


*6+*« + *15^ 


Sf = 


(1, 


(2,4,5),1) 


*4 + *10 + *15 


Sf = 


(1, 


(2,4,6),1) 


*4 + *6+*ll, 


Sf = 


(1, 


(2,5,5),1) 


*4 + *5 + tl0^ 


Sf = 


(1, 


(3,3,4),1) 


*3 -t- *8 + *12, 


Sf = 


(1, 


(3,3,5),1) 


t^ + t^ + *9, 


Sf = 


(1, 


(3,4,4),1) 


t^+t^+t^ 


Sf = 


(2, 


(2,2,2,3),1) 


*2 + *6 + *9, 


Sf = 


(2, 


(2,2,2,4),!) 


*2+** + *^ 


Sf = 


(2, 


(2,2,3,3),!) 


*2 + *3 -h *<5, 


Sf = 


(3, 


(2,2,2,2,2),!) 


2*2 -|-*5. 



Proof. The proof is a case by case verification based on the results of (4.1). 



□ 



8. Examples when Pmx/m\{t) is not topological 

8.1. Our goal is to present an equisingular family of weighted homogeneous surface 
singularities in which the embedding dimension is not constant. As a consequence, 

the embedding dimension of weighted homogeneous singularities, in general, is not 
a topological invariant (i.e., cannot be determined by the Seifert invariants). 

Example 8.1.1. Consider the Seifert invariants Sf = (2, (2, 2, 3, 3, 7, 7), 1). 

Suppose that the numbering of Ei's satisfies (—61, . . . , —be) = a, and we will use 
similar notations as in (4.3.1). Here is the list of the fundamental invariants: 

(!) e = -1/21, a = 42, = 2, 7 = 43. 

(2) \H\ = 84. 

(3) The fundamental cycle is Z = {3, 3, 2, 2, 1, 1, 6}, PaiZ) = 7. 

(4) The canonical cycle is Zk = {22, 22, 15, 15, 7, 7, 44}. 
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(5) The Hilbert series is 

1 - 2t - 4*2 - + 2t^ + 2t^ + f + 2t^ + 2*9 +t^° 

= 1 + ^6 ^ ^12 ^ ^14 ^ ^18 _^_ ^20 ^ ^21 _^_ ^24 ^ ^26 ^ ^27 ^ ^28 ^ ^30 
+ ^32 ^ ^33 ^ ^34 ^ ^35 ^ ^36 ^ ^38 ^ ^39 ^ ^40 
+ + 3*42 ^ ^44 ^ ^45 ^ ^46 ^ ^47 ^ 3^48 ^ ^49 +^50^^ (t^^) . 

(6) pg = 24 and 

Pffi (*) = 3* + i2 + + *4 + + + + i'^ + 

+ fll+fl3 + fl5 + il6+^17 + ^19 

+ ^22 ^ p ^ ^25 ^ ^29 ^ ^31 ^ ^37 ^ ^43_ 

(7) The degrees of zi, . . . are (f , f , f , f , f, f). 
Claim, si > for I > 44. In particular, Xi+44 9 1 for ? > a = 42. 

Proof. Prom the expression of P[ji{t), we read si = —4 and > — 2 otherwise. 
Then use s;+a = s; + 0. For the second statement use (4. 1.4) (4). □ 

Then, by a computation (for I < 86) one verifies that the only values I for which 
1 ^ X; are Z e {6, 14, 21, 42}. In the first three cases si=0 and Xi = 0. For I = 42 
one has .S42 = 2 and X42 ~ {0102, 0,30,4, asoe}- It depends essentially on the choice 
of the full rank matrix {oji), cf. (4.2.2). In particular, 



e.d.{X, a) 



3 if P1P2 - P3P4 ¥= 0, 

4 if P1P2 - P3P4 = 0; 



where for the notations {pk}, see (4.2.2). 

Next, let us find a system of equations for X. We take the following splice 
diagram equations: 

pixl+xl + xl, p2xl+xl + xl, psxf+xl + xl, pixf+xl + xl- 

The action of the group H is given by the following diagonal matrix: 



Then is generated by the following 21 monomials (in the next computations we 
used SINGULAR [5]): 

Z3Z4, Z1Z2, Z2, Zi, Z2Z4, Z1Z4, Z2Z^, ZiZ^, Z4, ^3, 
•^2'^6) ZiZq, 2:2-25, ^i^s, 24'Z6) -Zs^g, 24X5, -2325, , 2:5 . 
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These are denoted by yi, . . . , y2i- Then X is defined by the following ideal: 



2/9 4 


-2/1 +Pi2/5, 


2/11 


- 2piy| - 2/4 - 






2/8 4 


-Pi2/| 4-2/4, 


2/10 


- 2p22/3 - 2/4 - 


-P22/5, 


1 


2/7 -t- 


-yf +P22/5, 


2/1 - 


- (Pl +P2)2/| - 

- {pi +P3)yi 

- {P2 +P3)y'i 

- {pi +P4)yi 

- {P2 +^4)2/3 


- 2/4 - 


P1P22/5, 


2/6 4 


-P2yi + 2/4, 


2/19 


- 2/4 - 


P1P32/5 


2/1- 


- 2/42/5, 


2/18 


-2/4- 


■ P2P32/5 


2/15 


+ 2/3 +P32/5, 


2/17 


-2/4- 


P1P42/5 


2/14 


+ P32/i 4-2/4, 


2/16 


- 2/4 - 


P2P4y5 


2/13 


+ 2/3 +P42/5, 


2/21 


- 2p37/| - 2/4 - 


-^§2/5, 


1 


2/12 


+ P42/I + 2/4, 


2/20 


- 2p42/3 - 2/4 - 


-PI2/5, 


1 



2/1 - (P3 4- P4)yl - 2/4 - P3P42/5 



By eliminating the variables except for yi, j/2, 2/3, and 7/5, we obtain 

yl - 2/2^5 + {pi +P2)yly5 +piP2yi, 

2/1 - 2/2 + (Pl + P2 - P3 - P4)yi + {P1P2 - P3P4)2/5 

Notice that if piP2 — P3P4 7^ 0, then j/5 can also be eliminated. 

Example 8.1.2. It is instructive to consider the graph with Scifcrt invariants 
Sf = (3,(2,2,3,3,7,7),!) too; it has the same legs as (8.1.1), but its 60 is —3 
(instead of —2). By this 'move', we modify the graph into the 'direction of rational 
graphs'. The consequence is that the ambiguity of the example (8.1.1) disappears, 
and Pmx/m^ (t) becomes topological (and the embedding dimension increases). 

In this case e = -22/21, a = 42, 7 = 43/22, Pffi(t) = 2t. Since 7 < 2, .s; > -1 
for I > 2. Since S3 = 1, > for I > 5. Then X/ 9 1 for / > 5 + a = 47. 

The following is the hst of {l,si,Xi) with s; > and 1 ^ X; (and where I = 
(1, 1,0, 0, 0, 0), m = (0,0,1, 1,0, 0),n = (0,0, 0,0, 1,1)). 



2 

3 1 

4 2 {n} 

5 3 {n} 

6 6 {m + n,l +n} 

7 5 {n} 

14 14 {n,m + n,l + n,l + m} 

21 21 {n, TO, TO + n} 



42 44 {n,m,m + n,l,l + n,l + m,l + m + n} 
By a computation one gets 

Pmx/ml {t) = t^ + 2*3 + 2t* + 2t^ + 2f + 2i^. 

9. Splice-quotients with star-shaped graphs 

9.1. General discussion. In this section we extend our study to the case of 
splice-quotient singularities. We briefly recall their definition under the assumption 
that their graphs is star-shaped. 

Let r be as above, and let {fj} be the set of Brieskorn polynomials considered 

in subsection (2.2), and let X be the quotient (weighted homogeneous singularity) 
of their zero-set by the action of H. Let {gj{zx, . . . , Zi,)YjZf be a set of power series 
satisfying the following conditions: 
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• with respect to the weights wt (zi) — (|e|ai)^^, the degree of tlie leading 
form of gj is bigger than deg/j for any j; 

• ah monomials in gj are elements of /i-eigenspace i?^ (reeall that {fj} C i?^). 

Then the singularity Y := { {zi) G \ fj + gj = 0, j = 1, . . . ,u - 2} / H is 

a normal surface singularity; it is called a splice-quotient (see [16]). All these 
singularities belong to an equisingular family sharing the same resolution graph T. 

By upper-semicontinuity one gets 

Proposition 9.1.1. e.d.{Y,o) < e.d.{X,o). 

Here is the main question of the present section: is Pmx/mj,{t) topological (i.e. 
independent of the choice of the matrix (a^ j) and of the power series gj) — at least 
when for the weighted homogeneous case with the corresponding graph the answer 
is positive ? Here the graded module structure of mx/Tn|- is induced by the natural 
weighted filtration of the local ring Ox,o defined by the weights wt(zi) = (|e|ai)~^. 

The answer splits in two parts. First, if the graph is rational, or Gorenstein 
elliptic, then by a semi-continuity argument, the discussion of subsection (7.1) 
remain true for splice quotients as well. Moreover, the combinatorial formulas of 
theorems (7.2.9) (valid for ba > i^) and of (7.3.1) (valid for Wj = 1 and bo — > 
—2) are true for splice quotients too (as far as the corresponding combinatorial 
assumptions on the graph are satisfied). 

On the other hand, we do not expect that the positive results proved for weighted 
homogeneous singularities listed in (5.1) (the case o = 1), in (5.2) (o 'small'), or in 
(6.1.3) {ly < 5) will remain valid for splice quotients too. A counterexample in the 
case = 1 is analyzed in the next subsection. This example also emphasizes that 
in the inequality (9.1.1) the strict inequality miglit occur. 

9.2. In [8, (4.5)], it is shown that the embedding dimension is not constant in an 
equisingular deformation of a weighted homogeneous singularity. However, in that 
example, the general fibre is not a splice-quotient. The aim of this section is to 
show the following: 

Proposition 9.2.1. There exists an equisingular deform,aiion of a weighted ho- 
mogeneous singularity in which the embedding dimension is not constant, and it 
satisfies the following: 

(1) The embedding dimension of the central fihre is determined by the Seifert 
invariants (i.e. all the weighted homogeneous singularities with the same 
link have the same embedding dimension). 

(2) Every fibre is a splice- quotient. 

We will analyze with more details the case o = 1, i.e. when {fj} C and 
deg(/j) = a. In this case the ideals Ix,Iy C of X and Y are generated by 
{/j}> {fj + flj}' respectively. Let Ix (resp. ly) be the rank of the image of {fj}j 
(resp. {fj + gj}j) in m/m^. Then e.d.{X, o) = dim(m/m^) — Ix (and similarly for 
Y). Hence, e.d.{X,o) - e.d.{Y,o) =Iy-Ix- 

If I denotes the number of linear monomials of degree > a, then by letting 
gj be general linear combinations of those monomials, we obtain ly = min(i^ — 
2, + I), which in special situations can be larger than Ix- Taking special linear 
combinations, we get for ly. 

Ix <Iy < min(!/ -2,lx + I) 
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and any value between the two combinatorial bounds can be realized. The following 
example shows the existence of a deformation Y which verifies (9.2.1). 

Example 9.2.2. Let X be the weighted homogeneous singularity considered in 
(5.1.6). Recall that there are 9 linear monomials in , Ix — "2 and the embedding 
dimension is topological, it is 7. Moreover, a — 420, and there are two linear 
monomials of degree greater than 420: dcg{zfzlz'^) = 460, deg{zizfz5) = 440. Let 
us take the following equations for Y (with c,d G C): 

4 + 4 + 4' = 

zl + zl + zf = 

•^2 + ^3 + 4^ + cziz\z<^ + dzlz\z1 = 0. 
Then = 2 if c = d = 0, but W — i (hence e.d.{Y, o) = 6) otherwise. 
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